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ABSTRACT

The web core sandwich structure subjected to compressive loads perpendicular to the webs has the susceptibility of
buckling within a unit cell. The buckling behavior of the unit cell under com- pression loading can be modeled as
the elastic buckling of columns resting on a two-parameter Pasternak foundation with rotational restraints at two
ends. In this paper, the effects of the Pasternak foundation and rotational end restraints existing simultaneously on
the critical buckling load are investigated. An analytical approximation technique, variational iteration method
(VIM) is applied. Based on solving the characteristic equation, exact solutions are also presented to validate the
VIM solutions. The results indicate the great significance of elastic foundations in increasing the stability. The
effects of boundary conditions on critical buckling load are trivial only when stiff foundations are used. The
determination of foundation parameters are proposed and evaluated. The importance of web-pitch to face-sheet
thickness ratio is found. Longer web-pitches are desired to increase critical loads, which also help the structure
weight optimization since fewer webs are needed for a given total width. The novelties of current work include the
application of variational iteration algorithm to the problem, the investigations and comparisons of combinational
effects of elastic foundations and rotational restraints, the evaluations of foundation parameters based on practical
materials and useful suggestions on the structure design. The exact solutions can serve as benchmarks for other
numerical methods.

1 INTRODUCTION

The. The buckling of columns on elastic foundations is drawing wide interests from many researchers in various
fields since it represents humerous practical applications [1-4]. The exploration of column buckling has a long
history and has been systematically explained in well-known literatures [5—7]. After the Winkler elastic foundation
model first proposed [8], more sophisticated and practical foundation models were presented [9-12], one of which,
the Pasternak model, was demonstrated to be applicable to many problems.

Focusing on the column resting on elastic foundations, Sundararajan [13] studied the stability problem of columns
on elastic foundations subjected to conservative and non-conservative forces. The Winkler’s model was used and
the influences of the foundation were investigated. A finite element method for the vibration of beam-column on
two-parameter elastic foundation was presented by Yokoyama [14]. The finite element method was shown to be
effective, and comprehensive parameter studies were then performed. Morfidis and Avramidis [15] proposed a
generalized finite element for the beam-column on elastic foundations. Effects of shear deformations, semi-rigid
connections, rigid offsets and axial forces could be included in the elements. A two-parameter elastic foundation
model was used in their research. Post-buckling analysis of an elastic column on the Winkler foundation was
performed with the employment of an approximate analytic technique [16]. The responses of perfect and
geometrically imperfect columns were discussed.
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For beams and plates on elastic foundations, Feng and Robert [17] suggested a finite element method to analyze
beams on two-parameter foundations. Two types of beam elements are formulated and com- pared. It is shown that
elements based on the exact displacement function predict the results more accurately and are computationally
cheaper. Levy [18] proposed a weight minimization method for beams and plates on elastic foundations for given
buckling loads and optimality criteria is derived using the variational method. The buckling of simply supported
laminates on Pasternak foundations subjected to uniaxial and biaxial in-plane loads is investigated by Xiang et al
[19]. The first-order shear deformation plate theory was employed in their research. Calculus of variations was
applied to minimize the total potential energy functional and the characteristic eigenvalue equation is derived based
on the Navier method. Numerical results are obtained, based on which, comprehensive parameter studies are
conducted. Lam et al [20] presented canonical exact solutions for elastic bending, buckling and vibration of
isotropic plates on two-parameter foundations. Green’s functions were used in the paper and the plates were limited
to the Levy type. Web core sandwich panels under in-plane compression were analyzed and optimized for the
minimum weight considering instability failure criteria in [21]. The web boundaries of each unit cell is assumed to
be simple support to provide conservative results and the core is modeled as a one-parameter elastic foundation,
which is modeled as linear elastic spring. The effects of foundations are clearly demonstrated. Similar research was
carried out by Yu [22] for Levy plates on a one-parameter foundation. Exact solutions are obtained for both uniaxial
and biaxial loads. Buckling of steel beam column on Pasternak foundations with simply supported - simply
supported and clamped- clamped boundary conditions are investigated in [23]. The high order mode coupling is
found and is symbolically determined for the former boundary condition. In terms of the determination of
foundation parameters, Sironic [24] reevaluated the foundation constants using the Airy stress function with the
plane strain assumption and the principle of minimum total potential energy. Modified foundation parameters are
suggested for deep and shallow elastic foundations. Recently, Briscoe [25] examined the shear buckling of isotropic
plates on Pasternak foundations. A new model for the foundation parameters is proposed with the application
minimum total potential energy principle.

Variational iteration method (VIM) is powerful in solving problems related to differential equations. The buckling
of non-uniform column with rotational end restraints are investigated with the application of VIM [26], which is
demonstrated to be an efficient tool to solve differential equation and boundary value problems [27, 28]. The same
method is used in the research on the buckling of the Euler column with continuous elastic restraints [29]. The
continuous elastic restraints are modeled as elastic linear springs and several combinations of boundary conditions
are investigated.

It can be seen from the literature review above that combinational effects of rotational restraints and elastic
foundations, which is common and realistic in engineering structures, has not been investigated. In this paper, the
buckling analysis of columns on two-parameter Pasternak foundations with rotational end restraints are performed.
Due to the complexity of the problem, no explicit analytical solutions are available. The characteristic eigenvalue
equation for the column buckling is then derived and evaluated numerically. The variational iteration method is
used to validate the numerical results. The numerical results can serve as benchmarks for further approximate and
numerical solutions. The effects of rotational spring stiffness, elastic foundation parameters and the combined
effects of both are demonstrated. Parameter studies on foundation parameters are presented. Furthermore, the
solutions are applied to the buckling of web core sandwich panel subjected to compressive loads normal to webs.

2 BUCKLING MODEL
Consider an Euler beam column of length L and thickness t resting on a two-parameter foundation with rotational
springs of stiffness constants k, acting on two ends, Figure 1. The elastic modulus of the column is , the second
moment of area is I and the flexural rigidity is D = EI. The two foundation parameters are K,,, the Winkler
foundation parameter, which describes the foundations as a series of linear elastic springs normal to the beam, and
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K, which describes the interactions between springs. The beam column is subjected to compressive force, P.

Accordingto [23,30], the deflection of the beam w (i) is governed by
d4 o d2 o o 2
D§W(x) + Pﬁw(x) + K, w(x) —
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Figure 1. beam model on the elastic foundation.
For computation ease and convenience, the equation above is rewritten in the non-dimensional form as
d* d?
Ww(x) +n%(p— Kp)ww(x) + mhi,w(x) =0 (2)
where w is the function with respect to x(x = x/L). Other non-dimensional parameters shown in the equation
above are

PL? KL _ K, L*

P=T2D o = T2p w = Tap ®)
For the non-dimensional differential equation, the boundary conditions at x = 0 are
i 0) = ‘ (0) 0 =0 (4)
dx2 " TR W WA=
and the boundary conditions at x = 1 are
4 (1) = d (1) (1) =0 (5)
dx? WL =K dx Wi, wil =
The non-dimensional parameter « in Equation 4 and 5 is
kL
= 6
K== ®)
According to [7], the general solution to equation 2 is
w(x) = Cy csc(B1x) + C, sin(Byx) + C5 csc(Byx) + C4 sin(B,x) )
where
B, = B, = (8)
9
a=n%(p—kKp,) & =mtk, ©)

2
Boundary conditions are used to determin Constants C; to C,. Equation 8 holds when “T — & >0, which gives
p = Kp + 2,/K,,. Substituting in Equation 4 and 5 with Equation 7 leads to the characteristic equation.

3 VARIATIONAL ITERATION METHOD

VIM is an analytical approximation technique. It is widely used in solving nonlinear differential equations with the
advantages of effectiveness, accuracy and converging to exact solutions rapidly [28]. Considering a homogeneous
nonlinear differential system as follows:
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Liw(®t)] + N[w(®)] =0 (10)
where L is a linear operator and N is a nonlinear operator.
To solve the nonlinear differential equation above using VIM, a correction function should be con- structed.
According to He et al [28], three iteration formulas are commonly used, including

We1 () = wi () + j AQ) LIwn (O] + N[ W (O (1)
0
W1 () = wo(x) + f AQNWa(O)]dS (12)
0
Was2 (6) = Wi r () + f AQ) (NWps1 O] = N[wn (O] dE (13)
0

where 4 is a general Lagrange multiplier that can be identified optimally via variational theory, wy is the initial
guess and w,, is the n-th approximate solution and W,, denotes a restricted variation [27, 28]. Equation 11, 12 and 13
are variational iteration algorithm I, 1l and 11, respectively. The initial guess wy in algorithm Il is required to satisfy
the boundary conditions, which is complicated in the present problem due to the existence of the restraints at the
ends. Thus, the simpler algorithm I is chosen. For a four order differential equation, a simple Lagrange multiplier is
suggested in [26] as

MO =

With the Lagrange multiplier, the correction function for present problem is represented as

x 3
Wrt1(X) = wy(x) + -[(; (( 6 2 (d(4 wn({) + m? (P - KP) dg? wp()+ 7 KWWn((Dd( (15)

The initial solution w, of the deflection function of the beam can be freely selected and unknown parameters can be
contained in it. The initial solution is chosen to be a polynomial, which is
wy(x) = Ax3 + Bx?+Cx + D (16)

With the initial solution and the correction function, iterations can be conducted. MATLAB is used to facilitate
computations. After the nth iterations, an approximate solution is obtained, which will be substituted into the
boundary conditions, Equation 4 and 5. Correspondingly, four homogeneous equations are obtained from the four
boundary conditions and the characteristic equation is derived by making the determinant of coefficient matrix of
the four homogeneous equations zero. The accuracy of VIM is related to iteration times.

4 NUMERICAL EVALUATIONS AND DISCUSSION

Numerical evaluations of the characteristic equation from Section 2 and the characteristic equation of the
approximate solution from VIM are performed. The VIM procedures are implemented in MATLAB and the critical
load is easily found by MATLAB. As mentioned above, no literatures have been published regarding this problem.
A special cases, i.e. column with rotational end restraints without elastic foundation is evaluated and compared with
the results in the literature. The numerical evaluation of the case is achieved by setting the foundation parameters to
zero. In this paper, the rotational restraints at two ends are made equal, which is practical for most web core
sandwich structures. Obviously, non-equal restraints situations can also be calculated using the two method
presented in this paper.

§ —x)°
S (14)

It can be seen from Table 1 that the present exact solutions are exactly the same as those in [7]. The approximate
analytical solutions after 20 iterations using VIM are close to the exact solutions with high degree of accuracy.
Then, buckling solutions of column on Winkler’s and Pasternak’s foundations are found using both methods and the
results are shown in Table 2 and 3. The range of normalized stiffness constants of rotational restraints is from 0.1 to
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infinity (10%). Different ratios of two foundation parameters are chosen in Table 3. The computation of 25
iterations is conducted in the VIM. Identical or extremely close results are yielded from both methods.

k VIM(n=10) Wang [7]"

0 1 1
0.5 1.1927 1.1928
1 1.3671 1.3670
2 1.6681 1.6681
4 2.1234 2.1234
10 2.8540 2.8540
) 3.9999 4

TDue to different method of normalization, the values in the table are obtained by dividing the results in [7] by m?

Table 1. Exact and approximate solutions (Winkler’s foundations)

kp=1,5,=0 x,=10,x,=0 x,=100,x,=0 K,=150,x,=0 x,=300, x,=0

=0.1 Exact 2.0401 6.5402 20.1513 25.4152 34.7902
T VIM 2.0401 6.5402 20.1513 254152 34.7956

=1 Exact 23644 6.8734 20.4815 25.7472 35.1213

VIM 2.3644 6.8734 20.4815 25.7472 35.1231

=10 Exact 3.7658 8.5731 22.0763 27.2434 36.7527
VIM 3.7658 8.5731 22.0763 27.2434 36.7130

< =107 Exact 4.6157 9.9614 23.2506 27.8283 38.0160
VIM 4.6157 9.9614 23.2506 27.8283 37.9560

= 10* Exact  4.7419 10.1973 23.4401 27.9069 38.2204
VIM 4.7419 10.1973 23.4401 27.9069 38.1754

X =00 Exact 47432 10.1998 23.4420 27.9077 38.2286
VIM 4.7432 10.1998 23.4420 27.9078 38.1778

Table 2. Exact and approximate solutions (Winkler’s foundations)

4.1 Effects of Rotational End Restraints and Foundation Parameters

A parameter study on the normalized rotational spring constant x is presented first. For the sack of brevity, the
elastic foundation is absent and the normalized critical load is found for different normalized rotational spring
constants, as illustrated in Figure 4. To show the results explicitly, the logx scale is generated for the x axis.
Apparently, the normalized critical load increases slowly when x exceeds 100 (Igx = 2). When the normalized
rotational spring constant is 10000, the normalized critical load is almost 4 (3.9986 form the exact solution and
4.006 from VIM), which is the normalized critical load for the clamped-clamped boundary condition. The critical
load merely increases when k exceeds 10000. In the later part of this paper, k = 10° is regarded as the clamped-
clamped boundary condition to facilitate computations and explanations. This will hold for both the columns with
or without elastic foundations with the assumption that the rigidity of rotational springs is not influenced by the
existence of core.

The combinational effects of rotational end restraints and foundation parameters are demonstrated then. Normalized
rotational spring constants from 1 to 10000 and various foundation parameter ratios, i.e. x,, /k, = 5, 15 and 25 with
the range 0 to 300 of k,,, are covered to achieve generalities. The numerical results are shown in Figure 5, 6 and 6.
Obviously, The incorporation of foundations increases the critical buckling loads dramatically. The four lines
representing different normalized rotational spring constants are close to each other, which is true for all the three
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different foundation parameter ratios. The lines are approaching linear and parallel to each other with the increase
of foundations parameters. It implies that the effects of foundation parameters are dominant, while rotational
restraints have more significant effects when the foundations are weaker. To further demonstrate the effect of
rotational springs for various foundation parameters, the increasing percent of critical load compared with column
on elastic foundation with pin-pin boundary conditions are shown in Figure 8.

Kk, =1,k,=0.01 Ky, =10k, =2 K, = 100,k, = 10 K, = 150,k, = 50 K, = 300,k, =50

_ Exact 2.0501 8.5402 30.1513 75.4152 84.7902
=01 VIM 2.0501 8.5402 30.1513 75.4152 84.7956
=1 Exact 2.3744 8.8734 30.4815 75.7472 85.1213
VIM 2.3744 8.8734 30.4815 75.7472 85.1231

= 10 Exact 3.7758 10.5731 32.0763 77.2434 86.7529
VIM 3.7758 10.5731 32.0763 77.2434 86.7130

., Exact 4.6257 11.9614 33.2506 77.8283 88.0160
r=10 VIM 4.6257 11.9614 33.2506 77.8283 87.9560
4 EXxact 4.7519 12.1973 33.4401 77.9069 88.2264
re=10 VIM 4.7519 12.1973 33.4401 77.9069 88.1754
K = oo Exact 4.7532 12.1998 33.4420 77.9077 88.2286
VIM 4.7532 12.1998 33.4420 77.9078 88.1777

Table 3. Exact and approximate solutions (Pasternak’s foundations)

o
1

Normalized critical load p

s Exact solutions
VIM solutions

0 1 1 1 | ) L L
0 1 2 3 4 5 G 7 8

Normalized rotational spring constant on logarithmic scale lg{x)

Figure 2. Column without elastic foundations.

The increase of critical load is significant, over 70%, for small foundation parameters while that for large
foundation parameters is neglectable since the maximum increase is around 5%.

5 APPLICATION TO WEB CORE SANDWICH STRUCTURE

The sandwich structure is extensively used in many engineering industries, such as aerospace, ocean and building
industry, due to the advantageous properties of high stiffness, light weight and design effectiveness [31]. Web core
sandwich structures consist of two face-sheets connected and supported by interior webs, and core bonded to the
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face-sheets and webs. Web core sandwich panel have been applied to large ship structures and residential building
roof to satisfy special requirements [2, 25, 32]. The improvement of shear property and fatigue life of web core
sandwich structures can be achieved with the use of core materials [33, 34].
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Figure 5. Buckling of column on elastic foundations (i, /x, = 5)

It is believed modeling the webs as simply-supported or clamped boundary conditions are simplistic and introduces
significant errors. A practical method is to discrete webs and face-sheets and model webs as rotational restraints.
The effect of rotational restraints on the buckling behavior of plate and beam has drawn the attention of many
researchers. Lundquist and Stowell [35] obtained the exact and approximate solutions for the buckling of isotropic
plates subjected to uniaxial compression and rotationally constrained along unloaded edges. Valuable data on
critical buckling stresses are provided. Bleich [36] investigated the buckling of box shape under compression. The
formulas of rotational constraint stiffness from the two sides of the box shape are presented. Explicit solutions for
the buckling of orthotropic plate with rotational restraints using Ritz method are presented in [37-39]. The solution
is applied to I section, C section, and box section etc. The formula to determine constraint stiffness constant in [36]
is extended to orthotropic plates in their work. Significant effects of the rotational restraints on local bucking are
found. Similar work on the buckling of rotational restrained fiber reinforced plastic composite plates are conducted
by Kollar [40, 41]. More details concerning local buckling with rotational constraints can also be found in [42].
Furthermore, the rotational constraints are considered for the laser-welded web core sandwich plate [43]. The
method to determine the rotational spring stiffness is proposed for laser welding. Linear spring and rotational spring
are combined to model the general boundary conditions in [44]. Euler beam buckling with general boundary
conditions are examined using Galerkin method.

The web core panel subjected to compression and bending loads is susceptible to local buckling [2], Figure 9. When
a panel is subjected to uniformly distributed compressive loads perpendicular to webs with unloaded edges free, the
constrained buckling of face-sheet, which is referred to as the buckling of face-sheets between webs, may occur [2].
Due to the periodicity, the whole panel is represented by a unit cell, Figure 10. The webs in the unit cell provide
rotational restraints to the face-sheet and the core acts as the elastic foundation. Hence, the constrained buckling of
web core sandwich panel resembles the buckling of column on elastic foundations with rotational ends restraints.
The column is of unit width and accounts for Poisson’s ratio effects [45], which means the flexural rigidity should
be modified as D, = EI/(1 —v?).

5.1 Evaluation of Foundation Parameters of Typical Core Material

The foundation parameters have significant effects on the critical buckling load. Therefore, the foundation
parameters are further evaluated to give a insight of them and the evaluations are based on practical web core
sandwich geometries. Research on the determination of the two foundation parameters are available in [24, 46]. In
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many web core sandwich panels, the thickness of core is relatively small compared to the web-pitch, which means
the core is shallow. For shallow foundations, the determination of parameters is provided in [47] and different
equations are proposed in [2]. The latter, as Equation 17, is used here because they are validated by finite element
analysis. Normalized foundation parameters are expanded and expressions with respect to the structure geometries
and material properties are obtained, Equation 18,
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Figure 3. Buckling of column on elastic foundations (x,, /x, = 15).
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Figure 4. Buckling of column on elastic foundations (x,, /x, = 25).

E, G.t,
P k. = 17
W 6t, p 43 (17)
Ky = wang Kp = ;T}(zna (18)

where 7 is the ratio of core elastic modulus to column elastic modulus E./E, 1 is the ratio of core shear modulus
to column elastic modulus G./E, y is the ratio of column length to core thickness L/t., T is the ratio of core
thickness to column thickness and t./t and y is the ratio of column length to thickness L /t. The equation shows the
use of core material with higher elastic and shear modulus is advantageous. However, stiffer material is usually
denser, which will increase the structure weight. k,, and k,, and proportional to the cubic and square of length to
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thickness ratio, respectively, so for a constant column thickness, increasing the column length (web-pitch) leads to
higher buckling loads.

The typical web-pitch length used in marine industries is 120 mm and the core thickness is 40 mm. To explicitly
demonstrate the effect of geometric parameters, different pitch lengths and core thicknesses are evaluated. The pitch
lengths include 120 mm, 160 mm and 200 mm and the core thickness include 30 mm, 40 mm and 50 mm. The
thickness of the column remains 2 mm. In practice, the filling foam material can be soft and light or rigid and dense.
Various foams can be chosen according to the requirements of different applications. Four foams with different
densities and mechanical properties are selected, which include rigid Polyurethane foam and Divinycell H-grade
foam H45, H100 and H250. The property parameters of the foams are listed in Table 4. The normalized foundation
parameters corresponding to different foam and geometry combinations are obtained, Table 5.

In table 5, it can be seen that for the same pitch length, «,, decrease with the increase of core thickness while k.,
increase with the increase of core thickness for all the foams. For the same core thickness, «,,becomes dramatically
large for long pitch and «,also increase apparently. The results are identical with the predictions by Equation 18.
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Based on the normalized foundation parameters, the critical buckling load of column with clamped- clamped
boundary conditions (x = 107) is evaluated, Table 6. For the same pitch length, the critical loads are close for
Rigid PU, H45 and H100 although the thickness are different, which means the effect of panel thickness is
insignificant in this range. The thickness has larger influences with the application of the H250. This finding is
desired for engineering design when the soft core is used because the smaller thickness can be used to reduce the
structural weight. It is also found that for the same core thickness, the pitch length has significant effect. The effect
of foams properties are also evident. Some values concerning beam buckling on soft and stiff core with SS and CC
boundary conditions are listed in Table 6. For some conditions such as long pitch and stiffer core, the effect of
boundary conditions can be ignored due to their trivial influence. For example, when the web-pitch of 200 mm and
the core thickness of 30 mm and H250 are used as core material, the critical load with pin-pin boundary conditions
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is 52.1120 while that of clamped-clamped boundary conditions is 54.8823. The different is less than 5%. The
rotational restraints can be treated as simply supported and the results will not be too conservative. However, when
short pitch and soft core is used, the rotational boundary condition should be considered. The stiffness the webs
provided should be evaluated for the latter case. Within the restrictions of other design criteria, longer pitch should
be used to reduce the number of web used for a given total width of panel to reduce the structure weight.

property PU[25] H45[33] H100[33] H250][33]
density [kg/m?] 32 45 100 250
elastic modulus [MPa] 5.17 45 115 240
shear modulus [MPa] 1.58 12 28 88
Table 4. Foam core properties
t. [mm] 30 40 50
L [mm] 120 160 200 120 160 200 120 160 200
W 0.4474 1.4140 3.4520 0.3355 1.0605 2.5890 0.2684 0.8484 2.0712
Rigid PU Kp 0.1687 0.2999 0.4685 0.2249 0.3998 0.6247 0.2811 0.4998 0.7809
K,  3.8941 12.3072  30.0468 2.9205 9.2304 22.5351 2.3364 7.3843 18.0281
HA45 Kp 1.2811 2.2775 3.5586 1.7081 3.0367 4.7448 21352  3.7958  5.9310
W 9.9515 31.4516  76.7862 7.4636 23.5887 57.5897 5.9709 18.8710 46.0717
H100 Kp 2.9892 5.3142 8.3034 3.9856 7.0856 11.0712 49820 8.8570 13.8390
k, 20.7683  65.6382 160.2495 155762  49.2286 120.1871 12.4610 39.3829 96.1497
H250 Kp 9.3947 16.7017 26.0964 12.5263 22.2689 34.7952 15.6578 27.8361 43.4940
Table 5. Normalized foundation parameters for different foams and geometries
t. [mm] 30 40 50
L [mm] 120 160 200 120 160 200 120 160 200
. p(VIM) 45029 53466 6.9685 44758 5.1875 6.5180 44819 5.1312 6.3039
Rigid PU p(Exact) 4.5029 5.3466 6.9685 44758 51875 6.5180 44819 5.1312 6.3039
p(VIM) 8.0864 129365 17.6543 7.8360 13.0828 17.4072 7.8484 12.8592 17.7174
H45 p(Exact) 8.0864 129365 17.6543 7.8360 13.0828 17.4072 7.8484 12.8592 17.7174
p(VIM) 13.1793 19.6739 29.5572 13.0967 19.9512 30.0451 13.1663 20.8081 30.8564
H100 p(Exact) 13.1793 19.6739 29.5572 130967 19.9512 30.0451 13.1663 20.8081 30.8564
p(VIM) 21.7151 36.8650 54.8823 23.8315 39.8359 60.0767 26.3473 43.6591 66.5791
H250 p(Exact) 21.7151 36.8650 54.8823 23.8315 39.8359 60.0767 26.3473 43.6591 66.5791

Table 6. Normalized critical loads for different foams and geometries

10
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t,=30L=200 t,=40L=160 ¢, =50L=120

— cC 6.9685 51875 4.4819
Rigid PUG.17.1.58) g 4.9205 2.4603 1.5495
250 cC 54.8823 39.8359 26.3473

sS 52.1120 36,7387 22.7730

Table 7. Example of buckling load with CC and SS boundary conditions
6 CONCLUSION

Two analytical methods are presented in the paper to obtain the buckling solutions of columns resting on Pasternak
foundations with rotational end restraints. Solutions from the two methods validate each other. Variational iteration
method is used for this problem for the first time and is found convenient, efficient and accurate. The effects of
rotational end restraints and Pasternak foundation parameters are investigated simultaneously. Rotational end
restraints significantly increase critical buckling loads when weak foundations (foams) are used and the effects are
weakened when denser and stronger foundations (foams) exists. Geometric and material properties are incorporated
in the normalized foundation parameters. Practical structural geometries and foam materials are used to further
evaluate foundation parameters. For some cases where long web-pitch and stiffer foams are used, the rotationally
constrained boundary conditions can be simplified as simply supported without giving simplistic results.

7 REFERENCES

[1] R Wang and K Ravi-Chandar. Mechanical response of a metallic aortic stent—part ii: a beam-on-elastic foundation model. Journal of
applied mechanics, 71(5):706-712, 2004.

[2] Hans Kolsters and Dan Zenkert. Buckling of laser-welded sandwich panels. part 2: Elastic buckling normal to the webs. Proceedings of
the Institution of Mechanical Engineers, Part M: Journal of Engineering for the Maritime Environment, 220(2):81-94, 2006.

[3] Jialai Wang and Chao Zhang. Three-parameter, elastic foundation model for analysis of adhesively bonded joints. Inter- national
Journal of Adhesion and Adhesives, 29(5):495-502, 2009.

[4] SC Pradhan and GK Reddy. Buckling analysis of single walled carbon nanotube on winkler foundation using nonlocal elasticity theory
and dtm. Computational Materials Science, 50(3):1052-1056, 2011.

[5] Theodor Von Karman and Maurice A Biot. Mathematical methods in engineering. 1940.

[6] Stephen P Timoshenko and James M Gere. Theory of elastic stability. 1961. McGrawHill-Kogakusha Ltd, Tokyo, 1961.

[7] CM Wang and Chang Yi Wang. Exact solutions for buckling of structural members, volume 6. CRC press, 2004.

[8] Emil Winkler. Die lehre von der elasticitaet und festigkeit. 1868.

[9] Miklo’s Hete nyi. Beams on elastic foundation: theory with applications in the fields of civil and mechanical engineering. University of
Michigan, 1946.

[10]PL Pasternak. On a new method of analysis of an elastic foundation by means of two foundation constants. Gosudarstven- noe
Izdatelstvo Literaturi po Stroitelstvu i Arkhitekture, Moscow, 1954,

[11] Arnold D Kerr. Elastic and viscoelastic foundation models. Journal of Applied Mechanics, 31(3):491-498, 1964.

[12] Arnold D Kerr. A study of a new foundation model. Acta Mechanica, 1:135-147, 1965.

[13] C Sundararajan. Stability of columns on elastic foundations subjected to conservative and non-conservative forces. Journal of Sound and
Vibration, 37(1):79-85, 1974.

[14] T Yokoyama. Vibration analysis of timoshenko beam-columns on two-parameter elastic foundations. Computers & struc- tures,
61(6):995-1007, 1996.

[15] K Morfidis and IE Avramidis. Generalized beam-column finite element on two-parameter elastic foundation. Structural Engineering and
Mechanics, 21(5):519-537, 2005.

[16] AN Kounadis, J Mallis, and A Sharounis. Postbuckling analysis of columns resting on an elastic foundation. Archive of Applied
Mechanics, 75(6-7):395-404, 2006.

[17]Feng Zhaohua and Robert D Cook. Beam elements on two-parameter elastic foundations. Journal of Engineering Me- chanics,
109(6):1390-1402, 1983.

[18] Robert Levy. Buckling optimization of beams and plates on elastic foundation. Journal of engineering mechanics, 116(1):18-34, 1990.

11



VARIATIONAL ITERATION METHOD FOR SANDWICH PANEL STABILITY

[19]Y Xiang, S Kitipornchai, and KM Liew. Buckling and vibration of thick laminates on pasternak foundations. Journal of engineering
mechanics, 122(1):54-63, 1996.

[20]KY Lam, CM Wang, and XQ He. Canonical exact solutions for levy-plates on two-parameter foundation using green’s functions.
Engineering structures, 22(4):364-378, 2000.

[21] Sontipee Aimmanee and Jack R Vinson. Analysis and optimization of foam-reinforced web core composite sandwich panels under in-
plane compressive loads. Journal of Sandwich Structures and Materials, 4(2):115-139, 2002.

[22] LH Yu and CY Wang. Buckling of rectangular plates on an elastic foundation using the levy method. AIAA journal, 46(12):3163-3167,
2008.

[23] Dimitrios S Sophianopoulos and Konstantinos S Papachristou. In-plane stability of uniform steel beam-columns on a pasternak
foundation with zero end-shortening. Archive of Applied Mechanics, 82(10-11):1653-1662, 2012.

[24]L Sironic, NW Murray, and RH Grzebieta. Buckling of wide struts/plates resting on isotropic foundations. Thin-walled structures,
35(3):153-166, 1999.

[25] Casey R Briscoe, Susan C Mantell, and Jane H Davidson. Shear buckling in foam-filled web core sandwich panels using a pasternak
foundation model. Thin-Walled Structures, 48(6):460-468, 2010.

[26] Seval Pinarbasi. Buckling analysis of nonuniform columns with elastic end restraints. Journal of Mechanics of Materials and Structures,
7(5):485-507, 2012.

[27]Ji-Huan He. Variational iteration method-a kind of non-linear analytical technique: some examples. International journal of non-linear
mechanics, 34(4):699-708, 1999.

[28]Ji-Huan He, Guo-Cheng Wu, and F Austin. The variational iteration method which should be followed. Nonlinear Science Letters A-
Mathematics, Physics and Mechanics, 1(1):1-30, 2010.

[29] Mehmet Tarik Atay and Safa Bozkurt Cos kun. Elastic stability of euler columns with a continuous elastic restraint using variational
iteration method. Computers & Mathematics with Applications, 58(11):2528-2534, 2009.

[30] George J Simitses and JW Hutchinson. An introduction to the elastic stability of structures. Journal of Applied Mechanics, 43:383, 1976.

[31] John Michael Davies. Lightweight sandwich construction. John Wiley & Sons, 2008.

[32] Maciej Taczata and Waldemar Banasiak. Buckling of i-core sandwich panels. Journal of Theoretical and Applied Mechan- ics,
42(2):335-348, 2004.

[33]Maciej Taczata and Waldemar Banasiak. Buckling of i-core sandwich panels. Journal of Theoretical and Applied Mechan ics,
42(2):335-348, 2004.

[34] D Frank, J Romanoff, and H Remes. Fatigue life improvement of laser-welded web-core steel sandwich panels using filling materials.
Analysis and Design of Marine Structures V, page 261, 2015.

[35] Eugene E Lundquist and Elbridge Z Stowell. Critical compressive stress for flat rectangular plates supported along all edges and
elastically restrained against rotation along the unloaded edges. National Advisory Committee for Aeronautics, 1942.

[36] Friedrich Bleich. Buckling strength of metal structures. McGraw-Hill, 1952.

[37] Pizhong Qiao and Guiping Zou. Local buckling of elastically restrained fiber-reinforced plastic plates and its application to box sections.
Journal of engineering mechanics, 128(12):1324-1330, 2002.

[38] Pizhong Qiao and Luyang Shan. Explicit local buckling analysis and design of fiber—reinforced plastic composite structural shapes.
Composite Structures, 70(4):468-483, 2005.

[39] Pizhong Qiao and Guiping Zou. Local buckling of composite fiber-reinforced plastic wide-flange sections. Journal of Structural
Engineering, 129(1):125-129, 2003.

[40] La’szlo” P Kolla'r. Buckling of unidirectionally loaded composite plates with one free and one rotationally restrained un- loaded edge.
Journal of Structural Engineering, 128(9):1202-1211, 2002.

[41] La’szlo” P Kolla'r. Local buckling of fiber reinforced plastic composite structural members with open and closed cross sections. Journal
of Structural Engineering, 129(11):1503-1513, 2003.

[42] Lawrence C Bank. Composites for construction: structural design with FRP materials. John Wiley & Sons, 2006.

[43]Jani Romanoff, Petri Varsta, and Heikki Remes. Laser-welded web-core sandwich plates under patch loading. Marine structures,
20(1):25-48, 2007.

[44] Eliseu Lucena Neto, Francisco Alex Correia Monteiro, and Fla'vio Luiz de Silva Bussamra. Buckling of euler-bernoulli beams with
general boundary conditions. 2009.

[45]Jack R Vinson. Plate and panel structures of isotropic, composite and piezoelectric materials, including sandwich con- struction,
volume 120. Springer Science & Business Media, 2006.

[46] Arnold D Kerr. On the determination of foundation model parameters. Journal of Geotechnical Engineering, 111(11):1334-1340, 1985.

[47] Casey R Briscoe. Design of lightweight web core sandwich panels and application to residential roofs. PhD thesis, 2010.

12



	ABSTRACT
	1  INTRODUCTION
	2 BUCKLING MODEL
	3 VARIATIONAL ITERATION METHOD
	4 NUMERICAL EVALUATIONS AND DISCUSSION
	4.1 Effects of Rotational End Restraints and Foundation Parameters

	5 APPLICATION TO WEB CORE SANDWICH STRUCTURE
	5.1 Evaluation of Foundation Parameters of Typical Core Material

	6 CONCLUSION
	7 REFERENCES

